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E-mail address: kyriakos@me.berkeley.edu (K. KomDeformation of homogeneous elastic-perfectly plastic (EPP) and elastic-linear kinematic hardening plas-
tic (ELKP) half-spaces due to repeated adhesive sliding contact is examined with a two-dimensional ﬁnite
element model. Interfacial adhesion is modeled by nonlinear springs with a force-distance constitutive
relation derived from the Lennard–Jones potential. Deformation behavior is interpreted in terms of
dimensionless parameters, such as the Maugis parameter, interaction distance (interfacial gap), and plas-
ticity parameter. Numerical results provide insight into the stress–strain response and the evolution of
subsurface plasticity. The effects of the interaction distance, plasticity parameter, interfacial adhesion,
and Maugis parameter on the friction and normal forces and the accumulation of plastic strain are ana-
lyzed in terms of the number of sliding cycles. Deformation maps providing information about the
steady-state mode of deformation are presented for both EPP and ELKP material behaviors. Results of this
study illustrate the importance of elastic–plastic material behavior and interfacial adhesion in contact
deformation due to repeated surface sliding.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Failure of contact-mode mechanical components undergoing
repeated sliding is often a consequence of excessive plastic defor-
mation. This is usually observed with microscopic devices where
surface adhesion forces dominate bulk forces. For example, contact
fatigue and wear due to high adhesion limit the longevity of min-
iaturized devices, such as microelectromechanical systems (Komv-
opoulos, 1996, 2003; Kim et al., 2007; Maboudian et al., 2002) and
hard-disk drives (Komvopoulos, 2000). Moreover, adhesion con-
trols the efﬁciency of high-precision material removal and surface
ﬁnishing processes, such as chemical–mechanical polishing of
semiconductor devices and lapping of magnetic recording heads.
Therefore, insight into adhesion effects on contact deformation
due to repeated surface sliding is of paramount importance to
the durability of microdevices and process optimization of material
removal at the micro/nano-scale.
The mechanical response of structural components to cyclic
loading depends on the material characteristics (e.g., yield strength
and post-yield behavior) and the magnitude of the applied load(s).
Purely elastic deformation occurs when the effective stress is be-
low the elastic limit of the material. Stresses moderately higherll rights reserved.
: +1 510 642 5539.
vopoulos).than the elastic limit, particularly cyclic stresses, induce mild plas-
tic deformation only in the ﬁrst loading cycle, because the resulting
residual stresses prevent further plastic strain accumulation. Since
this leads to a purely elastic response at steady state, this phenom-
enon is known as elastic shakedown. Above the elastic shakedown
limit, the material demonstrates closed-cycle plasticity or incre-
mental plasticity, referred to as plastic shakedown and ratcheting,
respectively. Low and upper bounds of the elastic shakedown limit
of elastic-perfectly plastic materials can be determined from stati-
cal (Melan, 1938) and kinematical (Koiter, 1956) theorems, respec-
tively. Elastic shakedown limits of elastic-perfectly plastic solids
subjected to repeated (cyclic) rolling or combined rolling and slid-
ing contact have been obtained by Johnson (1962, 1985) and John-
son and Jefferis (1963), respectively. Kapoor and Williams (1994)
analyzed the sliding behavior of a surface-hardened half-space
and observed a dependence of the elastic shakedown limit on the
surface roughness and the material hardness. Ponter et al. (1985)
used the kinematical theorem to analyze repeated rolling and slid-
ing of point contacts and compared the resulting behavior with
that of two-dimensional (2D) line contacts.
In addition to the elastic shakedown limit, knowledge of the
plastic ﬂow behavior is critical to understanding material failure
due to cyclic loading. Bower and Johnson (1991) used a simple
non-linear kinematic hardening constitutive relation to analyze
elastic shakedown and plastic deformation in rails subjected to
Fig. 1. (a) Schematic of a cylindrical asperity of radius R at an interaction distance d
from a half-space and (b) ﬁnite element mesh of the half-space.
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examined the effect of strain hardening on cumulative surface
and subsurface plasticity due to repeated rolling and sliding and
reported a good agreement between analytical and experimental
results of rolled copper surfaces. Merwin and Johnson (1963) pre-
sented an approximate analysis of the forward plastic ﬂow in elas-
tic-perfectly plastic materials subjected to cyclic rolling contact.
Bhargava et al. (1985) analyzed deformation of an elastic–plastic
half-space due to repeated rolling contact with the ﬁnite element
method (FEM) and obtained results similar to those of Merwin
and Johnson, except for the residual shear strain increment. Yu
et al. (1993) used an analytical technique and the FEM to deter-
mine the elastic shakedown limit and stress/stain ﬁelds in 2D elas-
tic–plastic rolling contact, while Kulkarni et al. (1990, 1991) used a
three-dimensional (3D) FEMmodel to examine the development of
residual stresses and plastic deformation in elastic-perfectly plastic
and elastic-linear-kinematic-hardening materials subjected to roll-
ing contact loads at and above the elastic shakedown limit. Kral
and Komvopoulos (1996) performed a 3D FEM analysis of repeated
sliding contact of layered elastic–plastic media and discussed plas-
tic shakedown, layer decohesion, and crack initiation in the context
of numerical results of the subsurface stress and strain ﬁelds.
Despite important insight into the plastic ﬂow and shakedown/
ratcheting behavior of elastic–plastic media subjected to repeated
rolling and sliding contact obtained from the previously mentioned
studies, knowledge of adhesion effects on elastic–plastic contact
deformation due to repeated contact loading is limited to global
parameters, such as the contact force, interfacial force at the in-
stant of surface separation (jump-out), and contact area. Since
the study of adhesive contacts by Bradley (1932), signiﬁcant effort
has been devoted to the investigation of surface adhesion effects
on contact deformation. Johnson et al. (1971) and Derjaguin et al.
(1975) developed analytical models of adhesive contact between
elastic spheres, known as the JKR and the DMT model, respectively.
These studies show that the interfacial force at the instant of sur-
face separation (pull-off force) Fpo is equal to 1.5pRDc (JKR) and
2pRDc (DMT), where R = R1R2/(R1 + R2) is the equivalent radius of
curvature (R1 and R2 are the radii of curvature of the spheres)
and Dc = c1 + c2  c12 is the work of adhesion (c1 and c2 are the
surface energies of the spheres and c12 is the interfacial surface en-
ergy). Tabor (1977) examined the variation of the pull-off force in
terms of the dimensionless parameter l = [(RDc2)/(E⁄2e3)]1/3,
where E ¼ ½ 1 m21
 
=E1 þ 1 m22
 
=E21 is the effective elastic
modulus (E1, E2 and m1, m2 are the elastic moduli and Poisson’s ra-
tios of the two spheres, respectively) and e is the equilibrium inter-
atomic distance between two parallel half-spaces, and showed that
the JKR and DMT solutions correspond to rather extreme contact
systems in the range l > 3 and l < 0.1, respectively.
Analytical solutions of the pull-off force in the transition range
0.1 < l < 3 have also been reported by Maugis (1992), who used the
Dugdale approximation to model adhesive contact. Muller et al.
(1980), Attard and Parker (1992), and Greenwood (1997) modeled
adhesive surface interaction by the Lennard–Jones (LJ) potential
(Israelachvili, 1992) and reported numerical results of the pull-
off force in good agreement with the Maugis solution. Leng et al.
(2000) and Johnson and Greenwood (2008) used a 2D Maugis anal-
ysis to determine the variation of the pull-off force between the
solutions of the 2D DMT model (Fpo = (8k)1/2(E⁄RDc2)1/3, k < 0.1)
and the 2D JKR model introduced by Chaudhury et al. (1996)
(Fpo = (3/4)(4pE⁄RDc2)1/3, k > 3), where k ¼ 9
ﬃﬃﬃ
3
p
=16
 
l is known
as the Maugis parameter. Wu (2009) extended Bradley’s model
to 2D contacts and reported that the pull-off force obtained from
modeling adhesion with the LJ potential (Fpo = (5.9248k)1/2(E⁄-
RDc
2
)1/3) is close to that in the transition range between the 2D
JKR model of Chaudhury et al. and the 2D Bradley model, but dif-
fers from the pull-off force solution obtained from the 2D DMTmodel. Kadin et al. (2008) used the LJ potential to model adhesion
between spherical microcontacts (asperities) and the FEM to ana-
lyze elastic–plastic deformation of asperity microcontacts demon-
strating kinematic hardening and observed a dependence of plastic
shakedown on the plasticity parameter S =Dc/eY, where Y is the
yield strength.
Although the previous studies provide valuable information
about elastic and elastic–plastic deformation in adhesive contacts
due to repeatedly applied normal surface traction, they do not elu-
cidate the effect of adhesion on the deformation encountered at
the asperity level. Consequently, the objective of this study was
to develop a comprehensive analysis of repeated sliding of a single
asperity over a homogeneous half-space, which accounts for both
adhesion and material deformation effects. To accomplish this
objective, a continuum elastic–plastic FEM analysis was performed
in which surface interaction was modeled by nonlinear springs
obeying a constitutive force-distance relation derived from the LJ
potential. FEM results of the normal and friction forces, stress/
strain ﬁelds, and the development of plasticity are discussed in
terms of elastic–plastic and surface material properties, sliding cy-
cles, and interaction distance to illustrate the effects of adhesion
and plasticity on the initial and steady-state deformation behaviors
of sliding contacts.2. Analysis
2.1. Description of the contact problem
Surface contact is usually conﬁned at the tallest protrusions
(asperities) of real surfaces. Consequently, the analysis of repeated
sliding contact requires modeling of surface interaction at the
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lem examined in this study, i.e., a rigid cylindrical asperity of ra-
dius R sliding over a stationary, homogeneous, elastic–plastic
half-space. The (x,y) coordinate system represents the global coor-
dinates of the moving asperity. The distance between the bottom
point of the rigid asperity and the undeformed half-space surface
is deﬁned as the interaction distance d; thus, d < 0 implies that
the asperity bottom point is above the undeformed surface. A slid-
ing cycle is deﬁned as the asperity movement from x = a to x = a.
Normal displacement-control, quasi-static sliding simulations
were performed by positioning the asperity over the half-space
at x = a at a sufﬁciently large vertical distance for negligible adhe-
sion force, and then displacing the asperity downward by a dis-
tance d and, subsequently, horizontally up to x = a, while keeping
the interaction distance ﬁxed. Then, the asperity was vertically re-
tracted by a distance resulting in a negligible adhesion force, and
the simulation process was repeated by returning the asperity to
its original position. Thus, in each sliding cycle, the asperity was
incrementally displaced along the x-direction by a total distance
of 2a, while the interaction distance d was set equal to that of
the ﬁrst cycle. Each simulation comprised a total of six sliding
cycles.
2.2. Finite element model
Fig. 1(b) shows the FEM mesh of the deformable half-space. The
mesh consists of 70,984 isoparametric, four-node, bilinear, re-
duced-integration, plane-strain elements with a total of 71,572
nodes. To enhance the computational accuracy and the numerical
convergence, the mesh at the half-space surface is reﬁned by
square elements of sides equal to 0.004R. The vertical and the hor-
izontal dimensions of the mesh are equal to 20.5R and 43R, respec-
tively. The nodes at the bottom boundary of the mesh are
constrained against displacement in both the x- and y-direction.
All simulation results are for a = R and a maximum increment of
the asperity x-displacement equal to 0.02R.
The half-space surface is discretized by small segments of size
equal to 0.004R with a surface node in their middle-point distance.
The total adhesive force between the sliding asperity and the sta-
tionary half-space is obtained as the sum of the adhesion forces be-
tween the small surface segments and the asperity. The adhesive
force per unit area (pressure) between a half-space surface and a
cylindrical asperity is given by (Xu and Komvopoulos, 2013)
pðDÞ ¼ 2Dc
3e
e
D
 3
1þ DR
 1=2 4 DR
 
 4 D
4R
 
e
D
 6	 

ð1ÞFig. 2. Schematic of adhesion contact model. Surface (adhesion) forces between a
cylindrical asperity and a half-space are represented by nonlinear springs attached
to the center of the asperity and surface nodes of the half-space mesh.where D = d  R, and d is the distance between the asperity center
and the mid-point node of a surface segment (Fig. 2). Because the
adhesion force given by Eq. (1) is acting in the radial direction, it
consists of vertical and horizontal force components. Xu and
Komvopoulos (2013) have shown that the pull-off force obtained
from Eq. (1) is in excellent agreement with the solution of a numer-
ical analysis of adhesive line contacts based on the LJ potential (Wu,
2009) and shows a gradual transition from the 2D Bradley solution
to the 2D JKR solution. Moreover, Eq. (1) has been proven to hold for
R/e > 50 (Xu and Komvopoulos, 2013). Therefore, all simulation re-
sults of the present study are for R/e  200.
Adhesion between the moving asperity and the half-space sur-
face is modeled by nonlinear springs, obeying a force–distance
constitutive relation given by Eq. (1). Each spring is attached to
the center of the asperity and a surface node of the half-space
mesh. A total of 911 nonlinear spring elements are used to connect
the asperity with surface nodes between x = 1.8R and x = 1.8R.
The springs remain attached to the moving asperity and the sur-
face nodes of the mesh for the entire sliding phase of each simula-
tion cycle. Friction and normal forces are obtained as the sum of all
spring forces applied to the asperity in the x- and y-direction,
respectively. All simulations were performed with the FEM code
ABAQUS/Standard (version 6.9-EF2).2.3. Material properties and plasticity models
Two different constitutive models are examined in the present
analysis: elastic-perfectly plastic (EPP) and elastic-linear kinematic
hardening plastic (ELKP) with a plastic modulus Ep = 0.1E, where E
is the elastic modulus of the half-space. Yielding is determined by
the standard von Mises yield criterion, expressed as
rM ¼ 32 ðSij  aijÞðSij  aijÞ
	 
1=2
¼ Y ð2Þ
where rM is the von Mises equivalent stress, Sij are components of
the deviatoric stress tensor, and aij are components of the deviatoric
internal (or back) stress tensor. Plastic deformation is modeled by
the usual associated ﬂow rule, assuming negligible plastic volume
change. The evolution of plasticity is tracked by the equivalent plas-
tic strain ep, deﬁned as
ep ¼
Z
X
2
3
depijd
p
ij
	 
1=2
ð3Þ
where X is the strain path and depij represents the plastic strain
increment. The plastic ﬂow rule is applied for yielding material
(rM = Y), whereas standard elastic constitutive equations are ap-
plied when rM < Y. For EPP material behavior, aij = 0, while for ELKP
material behavior, the back stress evolution law is given by
daij ¼ EpY ðSij  aijÞdep ð4Þ3. Numerical results and discussion
Numerical results of the normal and friction forces, stress/strain
history, and residual plastic strain are presented in this section in
dimensionless form. Force, distance, stress, and work parameters
are normalized by RDc, e, Y, and E⁄R, respectively. Results are inter-
preted in terms of dimensionless quantities, such as the interaction
distance d/e, material parameters k and S, and post-yield material
behavior (EPP or ELKP). Numerical results are presented for k and
S in the range of 0.3–0.5 and 0.25–1.5, respectively.
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For EPP material behavior, steady-state sliding conditions were
reached after the ﬁrst or second sliding cycle, as evidenced by the
evolution of the normal and friction forces and the subsurface
shear stress, in qualitative agreement with a previous FEM study
of repeated rolling contact of an EPP half-space (Bhargava et al.,
1985). Fig. 3 shows the friction and normal force, F/RDc and
L/RDc, respectively, and the shear stress sxy/Y at depth y/e = 9.3
as functions of sliding distance x/e and sliding cycles N for
k = 0.306, S = 1.38, d/e = 0, and EPP material behavior. The frictionFig. 3. (a) Friction force F/RDc, (b) normal force L/RDc, and (c) shear stress sxy/Y at
depth y/e = 9.3 versus sliding distance x/e and sliding cycles N for k = 0.306, S = 1.38,
d/e = 0, and EPP material behavior.and normal forces vary with the sliding distance only at the start
of each sliding cycle. After the ﬁrst sliding cycle, both forces dem-
onstrate insigniﬁcant variation with accumulating sliding cycles
(Fig. 3(a) and (b)), while the shear stress below the surface reaches
a steady state (Fig. 3(c)). A similar trend of the sxy stress was ob-
served with different depths.
Fig. 4 shows the variation of the normal and shear stress, rxx/Y
and sxy/Y, respectively, at the half-space surface (y/e = 0) with the
sliding distance x/e during the initial, transient, and steady-state
stages of the ﬁrst sliding cycle of the simulation case shown in
Fig. 3. The center of the contact interface is under compression,
while the edge regions are under tension. Sliding (adhesion) dis-
torts the symmetry of both stress distributions. This is particularly
signiﬁcant for the shear stress, which controls the magnitude of the
friction force. Adhesion intensiﬁes the surface shear stress at the
center of contact, resulting in an asymmetric shear stress distribu-
tion at steady-state sliding, which explains the evolution of the
friction force in the ﬁrst sliding cycle (Fig. 3(a)). Because steady-
state contact forces and surface stresses are reached in each cycle
when the asperity is at x/e = 0, the steady-state responses of each
cycle are used hereafter to examine the effects of adhesion and
material constitutive law on the contact deformation.
Fig. 5 illustrates the effect of the plasticity parameter S on the
contact deformation for k = 0.306, d/e = 0, and EPP material behav-
ior. Plots of the shear stress sxy/Y versus shear strain cxy are shown
at the location of the maximum plastic strain (point (0, 8.4) in
Fig. 5(a) and (d) and point (0, 9.3) in Fig. 5(g)). The stable and linear
stress–strain response obtained after the ﬁrst sliding cycle for
S = 0.907 (Fig. 5(a)) indicates the occurrence of elastic shakedown.Fig. 4. Variation of (a) normal stress ryy/Y and (b) shear stress sxy/Y at y/e = 0 with
sliding distance x/e during the initial, transient, and steady-state stages of the ﬁrst
sliding cycle for k = 0.306, S = 1.38, d/e = 0, and EPP material behavior.
Fig. 5. Effect of plasticity parameter S on deformation behavior for N = 16, k = 0.306, d/e = 0, x/e = 0, and EPP material behavior: (a), (d), and (g) shear stress sxy/Y versus shear
strain cxy at the location of the maximum plastic strain, (b), (e), and (h) depth distributions of the residual plastic shear strain cpxy , and (c), (f), and (i) depth distributions of the
residual plastic shear strain increment Dcpxy .
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residual plastic shear strain cpxy and the increment of the plastic
shear strain Dcpxy for N = 16. It is noted that the plastic zone is
fully conﬁned in the subsurface and cpxy>0, implying forward shear-
ing within a subsurface layer (6 < y/e < 12). The invariance of cpxy
and the fact that Dcpxy ¼ 0 after the ﬁrst sliding cycle is further evi-
dence of the occurrence of elastic shakedown after the ﬁrst sliding
cycle in the EPP half-space characterized by a relatively low plas-
ticity parameter (S = 0.907).
Fig. 5(d) shows the development of a stable, narrow hysteresis
in an EPP half-space with S = 0.936 after the ﬁrst sliding cycle,
which is indicative of the occurence of plastic shakedown. This re-
sult is supported by the invariance of cpxy (Fig. 5(e)) and the fact that
Dcpxy ¼ 0 (Fig. 5(f)) after the ﬁrst sliding cycle. Thus, the increase of
the plasticity parameter changes the steady-state mode of defor-
mation form elastic shakedown to plastic shakedown. Similar to
the elastic shakedown case, plasticity is conﬁned in the subsurfaceand the maximum cpxy strain arises at the same depth (y/e = 8.4).
However, the slight increase (3.2%) of the plasticity parameter
produces much higher cpxy strains and forward shearing within a
thicker subsurface layer (6 < y/e < 14).
A profoundly different material behavior was encountered for a
much higher plasticity parameter. For example, in the case of an
EPP half-space with S = 1.38, the shear stress–strain response dem-
onstrates ratcheting (Fig. 5(g)), cpxy continuously increases with re-
peated sliding (Fig. 5(h)), and Dcpxy reaches a steady state in the
second sliding cycle. In addition to the increase of the cpxy with
the sliding cycles, the size of the plastic zone and the extent of
plastic shearing were also signiﬁcantly affected by the increase of
the plasticity parameter. The elastic core between the plastic zone
and the surface, observed in the previous simulation cases
(Fig. 5(b) and (e)), does not exist in Fig. 5(h), and the depth proﬁle
of cpxy reveals the formation of surface and subsurface layers
of backward plastic shearing (0 < y/e < 2 and 8 < y/e < 14,
Fig. 6. (a) Friction force F/RDc, (b) normal force L/RDc, and (c) increment of the
maximum equivalent plastic strain Demaxp versus the plasticity parameter S for the
ﬁrst sliding cycle and steady-state sliding, k = 0.306, d/e = 0, and EPP material
behavior. The steady-state/ﬁrst-cycle ratio of each parameter is also shown in each
graph.
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(2 < y/e < 8). Large plastic strain gradients between subsurface lay-
ers exhibiting backward and forward plastic shearing may act as
precursors of delamination wear in repeated sliding.
The results shown in Fig. 5 provide insight into the effects of the
subsurface plasticity (deformation effect) and the work of adhesion
(adhesion effect) on the deformation response of EPP half-spaces
subjected to repeated surface sliding. For a given yield strength,
an increase of the plasticity parameter may be interpreted as an in-
crease of the work of adhesion. As shown by Eq. (1), the adhesive
pressure is proportional to Dc. Because all simulation cases were
performed in displacement-control mode, the increase of the work
of adhesion enhanced both normal and friction forces. Thus, plas-
ticity intensiﬁcation leading to the transition from elastic shake-
down (S = 0.907) to plastic shakedown (S = 0.936) to ratcheting
(S = 1.38) may be attributed to the increase of the normal and shear
surface tractions. Similarly, for a ﬁxed work of adhesion, an in-
crease of the plasticity parameter may be interpreted as a decrease
of the half-space yield strength. Lower yield strength is conducive
to higher subsurface plasticity and the evolution of a more damag-
ing deformation mode at steady state.
Fig. 6 shows the effect of plasticity parameter S on the friction
force F/RDc, normal force L/RDc, and increment of the maximum
equivalent plastic strain Demaxp in the ﬁrst sliding cycle and at stea-
dy-state sliding for k = 0.306, d/e = 0, and EPP material behavior.
(Hereafter, ﬁrst-cycle and steady-state parameters are designated
by subscript 1 and ss, respectively.) As discussed earlier, a high
plasticity parameter may be associated with a low-yield strength
half-space or a sliding system characterized by a high work of
adhesion. Since the friction force is indicative of the energy dissi-
pated during sliding in the form of plastic deformation, the similar
increase of F1 and Fss (Fig. 6(a)) may be interpreted as the increase
of plasticity with the decrease of the yield strength or the increase
of the surface traction with the work of adhesion. In addition, the
nonlinear increase of Fss/F1 with S indicates more energy dissipa-
tion during steady-state sliding for low-strength materials exhibit-
ing high adhesion. The asymptotic trend of Fss/F1? 1.0 indicates a
similar energy dissipation (plasticity) in each sliding cycle for a rel-
atively high S value (e.g., S > 1.4), consistent with a ratcheting
behavior (Fig. 5(g)–(i)). The decrease of the normal force during
the ﬁrst sliding cycle and at steady-state sliding, L1 and Lss, respec-
tively, with the increase of S (Fig. 6(b)) is attributed to the lower
normal force required to achieve the same interaction distance
for a lower strength material or the greater contribution of the
attractive component of the adhesive pressure to the total normal
force for a higher work of adhesion. The fact that Lss/L1 is consis-
tently less than 1.0 and shows a decreasing trend with increasing
S indicates more sinking of the half-space due to plastic deforma-
tion in the ﬁrst sliding cycle, especially for a weak half-space.
The friction force trends shown in Fig. 6(a) correlate well with
the plastic strain trends shown in Fig. 6(c). The variation of the
increment of the maximum equivalent plastic strain in the ﬁrst
sliding cycle and at steady-state sliding, Demaxp;1 and Demaxp;ss , respec-
tively, and the increment of the maximum equivalent plastic strain
ratio, Demaxp;ss =Demaxp;1 , with the plasticity parameter reveal a strong
correlation between friction and plasticity. It is noted that below
a threshold S  0.9, the friction force is zero and plastic deforma-
tion does not occur. This suggests that practically frictionless slid-
ing may be possible for a certain combination of surface and bulk
properties, such as high-strength materials demonstrating low
afﬁnity for the countersurface material (Komvopoulos, 2012).
The material response to the normal and shear surface tractions
arising in adhesive sliding contacts can be further interpreted in
terms of the correlation of the friction force with the evolution of
plastic deformation. In the case of elastic shakedown, F1 is very
low because plastic deformation is localized and minimal(Fig. 5(b)), and Fss = 0 because Dcpxy ¼ 0 after the ﬁrst sliding cycle
(Fig. 5(c)). Plastic shakedown is characterized by a slightly higher
F1 force because more plastic deformation accumulates initially
(Fig. 5(e)), Fss  0 (very narrow stress–strain hysteresis (Fig. 5(d)),
and Dcpxy ¼ 0 after the ﬁrst sliding cycle (Fig. 5(f)). In contrast to
elastic and plastic shakedown, conditions conducive to ratcheting
yield signiﬁcantly higher F1 and Fss forces, with Fss/F1? 1.0 as S in-
creases above 1.4 due to the increase of cpxy with the number of
sliding cycles (Fig. 5(h)) and the constancy of Dcpxy at steady-state
sliding (Fig. 5(i)).
Fig. 7. (a) Friction force F/RDc, (b) normal force L/RDc, and (c) increment of the
maximum equivalent plastic strain Demaxp versus the Maugis parameter k for the ﬁrst
sliding cycle and steady-state sliding, S = 1.46, d/e = 0, and EPP material behavior.
The steady-state/ﬁrst-cycle ratio of each parameter is also shown in each graph.
Fig. 8. (a) Friction force F/RDc, (b) normal force L/RDc, and (c) increment of the
maximum equivalent plastic strain Demaxp versus the work of adhesion Dc/E
⁄R for
the ﬁrst sliding cycle and steady-state sliding, E⁄/Y = 110, d/e = 0, and EPP material
behavior. The steady-state/ﬁrst-cycle ratio of each parameter is also shown in each
graph.
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force F/RDc, normal force L/RDc, and increment of the maximum
equivalent plastic strain Demaxp in the ﬁrst sliding cycle and at stea-
dy-state sliding for S = 1.46, d/e = 0, and EPP material behavior. A
high k value may be interpreted as a sliding system with a high
interfacial adhesion (high Dc) and/or a compliant half-space (low
E). Thus, the lower F1 and Fss forces obtained with a higher k value
(Fig. 7(a)) may be attributed to less plasticity due to the lower
surface tractions obtained with more compliant half-spaces, for agiven interaction distance. In addition, the decreasing trend of
Fss/F1 indicates a lower steady-state friction force for a higher k
value. The decrease of the friction force with increasing k reveals
the existence of a threshold k  0.5 above which energy dissipation
diminishes, implying purely elastic deformation. This is supported
by the results of Demaxp;1 ; Demaxp;ss , and Demaxp;ss =Demaxp;1 shown in Fig. 7(c).
The decrease of L1 and Lss with increasing k is associated with the
decrease of the half-space penetration resistance (stiffness), while
Fig. 9. (a) Friction force F/RDc, (b) normal force L/RDc, and (c) increment of the
maximum equivalent plastic strain Demaxp versus the interaction distance d/e for the
ﬁrst sliding cycle and steady-state sliding, k = 0.306, S = 1.17, and EPP material
behavior. The steady-state/ﬁrst-cycle ratio of each parameter is also shown in each
graph.
Fig. 10. Deformation map of EPP half-spaces subjected to repeated adhesive sliding
showing the effects of the plasticity parameter S and the Maugis parameter k on the
steady-state mode of deformation for d/e = 0 and 0.466.
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approach toward purely elastic sliding conditions.
Fig. 8 shows the effect of the work of adhesion Dc/E⁄R on the
friction force F/RDc, normal force L/RDc, and increment of the
maximum equivalent plastic strain Demaxp in the ﬁrst sliding cycle
and at steady-state sliding for E⁄/Y = 110, d/e = 0, and EPP material
behavior. (E⁄/Y is ﬁxed in this simulation because both k and S are
functions of Dc.) As expected, the friction force increases with the
work of adhesion (Fig. 8(a)), in agreement with phenomenologicalobservations. This trend can be explained by considering that a
higher Dc produces higher surface tractions (Eq. (1)), implying
more plastic deformation, as evidenced by plastic strain results
(Fig. 8(c)). The normal force consists of attractive and repulsive
components, which depend on the work of adhesion and material
properties, respectively. The attractive force component increases
with Dc, while the repulsive force component remains constant,
because E⁄ and Y are ﬁxed in this simulation. This explains the de-
crease of both L1 and Lss with increasingDc (Fig. 8(b)). The decreas-
ing trend of Lss/L1 suggests more plasticity accumulation in the ﬁrst
sliding cycle than at steady state with increasing Dc, for ﬁxed
interaction distance.
Fig. 9 shows the friction force F/RDc, normal force L/RDc, and
increment of the maximum equivalent plastic strain Demaxp versus
the interaction distance d/e in the ﬁrst sliding cycle and at stea-
dy-state sliding for k = 0.306, S = 1.17, and EPP material behavior.
The non-zero friction force in the presence of a negative normal
force, observed in the range of d/e <  0.6, is characteristic of adhe-
sive contacts. The increase of both friction and normal forces with
d/e (Fig. 9(a) and (b)) is due to the enhancement of surface repul-
sion and the invariance of surface attraction. This leads to the
intensiﬁcation of both normal and shear surface tractions, resulting
in the increase of plasticity with d/e (Fig. 9(c)). Fss/F1, Lss/L1, and
Demaxp;ss =Demaxp;1 approach steady state for d/e > 0, suggesting that for
a relatively large interaction distance (small interfacial gap), stea-
dy-state conditions are established after the ﬁrst sliding cycle. Sim-
ilar to previous simulation cases, deformation is purely elastic
below a threshold (d/e   0.75), as indicated by the zero friction
force (Fig. 9(a)) and the increment of the maximum plastic strain
(Fig. 9(c)). The trends for Fss/F1? 1.0 and Demaxp;ss =Demaxp;1 ! 1:0 for
d/e > 1.0 are indicative of ratcheting.
The results of representative simulation cases discussed above
indicate a strong dependence of contact deformation due to re-
peated adhesive sliding on both surface and bulk properties, such
as the work of adhesion and elastic–plastic material properties,
respectively, and the interaction distance (interfacial gap). The in-
crease of the plastic strain increment per sliding cycle leads to the
transition from elastic to elastic–plastic deformation, resulting in
elastic or plastic shakedown or ratcheting at steady-state sliding.
Because S and k are functions of surface and bulk properties, they
can be used to construct a deformation map of adhesive sliding
contacts.
Fig. 10 shows a deformation map obtained from several FEM
simulations of repeated adhesive sliding of EPP half-spaces with
different S and k values for d/e = 0 and 0.466. Line ﬁts through data
points represent boundaries between different deformation
Fig. 11. (a) Shear stress sxy/Y versus sliding distance x/e and (b) shear stress sxy/Y versus shear strain cxy at x/e = 0, both at the depth of maximum plastic strain y/e = 9.3, (c)
depth distributions of the residual plastic shear strain cpxy at x/e = 0, and (d) depth distributions of the residual plastic shear strain increment Dcpxy at x/e = 0 for N = 16,
k = 0.306, S = 1.38, Ep/E = 0.1, d/e = 0, and ELKP material behavior.
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shown between wide domains of purely elastic deformation and
ratcheting. A downward shift of the deformation boundaries is ob-
served with increasing interaction distance, indicating an enhance-
ment of the plasticity modes with decreasing interfacial gap. This
can be attributed to the increase of plasticity due to the intensiﬁ-
cation of the normal and shear surface tractions with decreasing
interfacial gap. The most important ﬁnding is the strong depen-
dence of the steady-state mode of deformation on both k and S.
Adhesive sliding systems of high k and low S demonstrate high
elastic limits. The size of the elastic deformation domain decreases
with increasing S and decreasing k, while the opposite trend is ob-
served with the ratcheting domain. The deformation map shown in
Fig. 10 can be further interpreted by considering that a higher S im-
plies a lower Y and/or a higherDc, whereas a higher kmay be asso-
ciated with a lower E⁄ and/or a higher Dc. Therefore, for ﬁxed
interaction distance and work of adhesion, adhesive sliding sys-
tems characterized by high S and k values may be considered to
represent low-strength and high-compliance contact systems,
respectively. Consequently, low-strength (high S) half-spaces
exhibit more plasticity because yielding is enhanced (low elastic
limit), whereas high-compliance (high k) half-spaces demonstrateless plasticity because yielding is retarded (high elastic limit) due
to the decrease of the normal and shear surface tractions with
the material stiffness.
3.2. Elastic-linear kinematic hardening plastic materials
Strain hardening resulted in signiﬁcantly different deformation
characteristics. One of the main differences is that steady-state
deformation in ELKP half-spaces was reached after the third or
fourth sliding cycle, as opposed to the ﬁrst cycle for EPP half-
spaces. Fig. 11 shows the shear stress sxy/Y versus sliding distance
x/e or shear strain cxy at the depth of maximum plastic strain
y/e = 9.3, and depth distributions of cpxy and Dcpxy at x/e = 0 for
N = 1–6, k = 0.306, S = 1.38, Ep/E = 0.1, d/e = 0, and ELKP material
behavior. Although the depth of maximum plastic strain
(y/e = 9.3) is identical to that obtained with EPP materials, the
shear stress sxy/Y at this location stabilized after the third sliding
cycle (Fig. 11(a)), different from EPP materials showing a stable
response after the ﬁrst sliding cycle (Fig. 3(c)).
The effect of strain hardening on the deformation response due
to repeated adhesive sliding can be interpreted by contrasting
results for identical parameters, such as those shown in
Fig. 12. Deformation map of ELKP half-spaces with Ep/E = 0.1 subjected to repeated
adhesive sliding showing the effects of the plasticity parameter S and the Maugis
parameter k on the steady-state mode of deformation for d/e = 0 and 0.466.
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stress–strain response at the location of maximum plastic strain
(x/e = 0 and y/e = 9.3) reaches a stable closed-loop response after
three sliding cycles. Thus, despite the identical values of k, S, and
d/e, hardening leads to plastic shakedown at steady-state sliding,
as opposed to ratcheting for a non-hardening material (Fig. 5(g)).
The effect of the post-yield behavior on the steady-state deforma-
tion can be further examined in light of results showing the evolu-
tion of plasticity during repeated sliding. Although the depth
distributions of cpxy and Dcpxy (Fig. 11(c) and (d), respectively) dem-
onstrate similarities with those of the EPP materials (Fig. 5(h) and
(i)), strain hardening results in signiﬁcantly less plastic deforma-
tion (by an order of magnitude) and predominantly backward plas-
tic shearing. For example, hardening decreases the maximum Dcpxy
in the ﬁrst sliding cycle by a factor of 2 and the maximum cpxy in
the sixth sliding cycle by a factor of 12. In addition, hardening
stabilizes the cpxy distribution, resulting in Dcpxy ¼ 0 after three slid-
ing cycles (Fig. 11(d)), while a non-hardening behavior results in
continuously increasing cpxy (Fig. 5(h)) and non-zero Dcpxy at stea-
dy-state sliding (Fig. 5(i)). Another signiﬁcant difference is the ef-
fect of strain hardening on the size of the plastic zone formed
under conditions conducive to plastic shakedown. The plastic zone
in an EPP half-space is conﬁned in the subsurface (Fig. 5(e)), while
the plastic zone in an ELKP half-space reaches the surface at stea-
dy-state sliding (Fig. 11(c)). Despite the evolution of surface plas-
ticity, the results shown in Fig. 5(g)–(i) and Fig. 11(b)–(d)
indicate that the reason for the disappearance of ratcheting is the
signiﬁcant decrease of plasticity due to the effect of strain
hardening.
Fig. 12 shows a deformation map obtained from FEM simula-
tions of repeated adhesive sliding of ELKP half-spaces with differ-
ent S and k values for d/e = 0 and 0.466. Although the elastic
shakedown limit demonstrates a similar trend with that observed
with non-hardening materials (Fig. 10), the domain of plastic
shakedown is dramatically larger and the S values corresponding
to the elastic shakedown limit are higher than those obtained with
non-hardening materials. The signiﬁcantly larger domain of plastic
shakedown for ELKP material behavior is due to the much smaller
Dcpxy in the presence of hardening. Another signiﬁcant difference is
the absence of ratcheting from the deformation map shown in
Fig. 12, for the same range of the k and S parameters shown in
Fig. 10. In fact, ratcheting was not encountered in ELKP half-spaces
even for very high S values (e.g., S = 30), for both d/e = 0 and 0.466.
Both the elastic limit and the elastic shakedown limit decrease
slightly with increasing interaction distance, similar to EPPmaterials. The aforementioned differences between the EPP and
ELKP material responses obtained under conditions of repeated
adhesive sliding are consistent with 3D FEM results of repeated
rolling contact (Kulkarni et al., 1991).4. Conclusions
Repeated adhesive sliding of a rigid asperity over an
elastic–plastic half-space was examined in the context of FEM
results. Surface adhesion was modeled by nonlinear springs
obeying a constitutive force–displacement relation derived from
the LJ potential. The half-space was modeled as a homogeneous,
isotropic, semi-inﬁnite medium characterized by EPP or ELKP
constitutive laws. Results of the friction and normal forces and
the subsurface stress and strain ﬁelds were obtained in terms of
the dimensionless parameters, such as the plasticity parameter
(representing the ratio of the work of adhesion to the yield
strength of the half-space), the Maugis parameter, and the interac-
tion distance normalized by the equilibrium interatomic distance.
Depending on the material behavior, steady-state sliding condi-
tions (indicated by the invariance of the friction and normal forces
and the subsurface stresses) were achieved after the ﬁrst sliding
cycle (EPP) or after the third or fourth sliding cycle (ELKP).
Stress–strain responses and subsurface plastic strain distributions
revealed the evolution of different deformation modes. Elastic–
plastic properties, material hardening, and work of adhesion af-
fected the occurrence of elastic or plastic shakedown and ratchet-
ing at steady-state sliding. The increase of the plasticity parameter
and, to a lesser extent, the interaction distance or the decrease of
the Maugis parameter changed the steady-state deformation mode
in the sequence: elastic, elastic shakedown, plastic shakedown, and
ratcheting. However, hardening decreased signiﬁcantly the accu-
mulation of plasticity in each sliding cycle, leading to the disap-
pearance of ratcheting, even for very low-strength materials, in
qualitative agreement with the results of earlier studies.
The increase of plastic deformation with increasing plasticity
parameter and interaction distance and decreasing Maugis param-
eter was indicated by the increase of the friction force and the de-
crease of the steady-state/ﬁrst-cycle normal force ratio.
Deformation maps showed slightly larger elastic shakedown and
dramatically larger plastic shakedown domains for ELKP than EPP
material behaviors, and a decrease of the elastic limit with increas-
ing interaction distance (decreasing interfacial gap).References
Attard, P., Parker, J.L., 1992. Deformation and adhesion of elastic bodies in contact.
Physical Review A 46, 7959–7971.
Bhargava, V., Hahn, G.T., Rubin, C.A., 1985. An elastic-plastic ﬁnite element model of
rolling contact – Part 2: analysis of repeated contacts. ASME Journal of Applied
Mechanics 52, 75–82.
Bower, A.F., Johnson, K.L., 1989. The inﬂuence of strain hardening on cumulative
plastic deformation in rolling and sliding line contact. Journal of the Mechanics
and Physics of Solids 37, 471–493.
Bower, A.F., Johnson, K.L., 1991. Plastic ﬂow and shakedown of the rail surface in
repeated wheel-rail contact. Wear 144, 1–18.
Bradley, R.S., 1932. The cohesive force between solid surfaces and the surface
energy of solids. Philosophical Magazine 13, 853–862.
Chaudhury, M.K., Weaver, T., Hui, C.Y., Kramer, E.J., 1996. Adhesive contact of
cylindrical lens and a ﬂat sheet. Journal of Applied Physics 80, 30–37.
Derjaguin, B.V., Muller, V.M., Toporov, Y.P., 1975. Effect of contact deformations on
the adhesion of particles. Journal of Colloid and Interface Science 53, 314–326.
Greenwood, J.A., 1997. Adhesion of elastic spheres. Proceedings of the Royal Society
of London Series A 453, 1277–1297.
Israelachvili, J.N., 1992. Intermolecular and Surface Forces, second ed. Academic
Press, San Diego, CA.
Johnson, K.L., 1962. A shakedown limit in rolling contact. In: Proceedings of the
Fourth National Conference on Applied Mechanics, Berkeley, CA, pp. 971–975.
Johnson, K.L., 1985. Contact Mechanics. Cambridge University Press, Cambridge, UK.
Johnson, K.L., Greenwood, J.A., 2008. Maugis analysis of adhesive line contact.
Journal of Physics D: Applied Physics 41, 155315-1–155315-6.
886 H. Xu, K. Komvopoulos / International Journal of Solids and Structures 50 (2013) 876–886Johnson, K.L., Jefferis, J.A., 1963. Plastic ﬂow and residual stresses in rolling and
sliding contact. In: Proceedings of the Institution of Mechanical Engineers of
London, Symposium on Rolling Contact Fatigue, London, UK, pp. 50–61.
Johnson, K.L., Kendall, K., Roberts, A.D., 1971. Surface energy and the contact of
elastic solids. Proceedings of the Royal Society of London Series A 324, 301–313.
Kadin, Y., Kilgerman, Y., Etsion, I., 2008. Cyclic loading of an elastic-plastic adhesive
spherical microcontact. Journal of Applied Physics 104, 073522-1–073522-8.
Kapoor, A., Williams, J.A., 1994. Shakedown limits in sliding contacts on a surface-
hardened half-space. Wear 172, 197–206.
Kim, S.H., Asay, D.B., Dugger, M.T., 2007. Nanotribology and MEMS. Nano Today 2,
22–29.
Koiter, W.T., 1956. A new general theorem on shake-down of elastic-plastic
structures. In: Proceedings of the Koninklijke Nederlandse Akademie van
Wetenschappen, Series B, Physical Sciences, vol. 59, pp. 24–34.
Komvopoulos, K., 1996. Surface engineering and microtribology for
microelectromechanical systems. Wear 200, 305–327.
Komvopoulos, K., 2000. Head-disk interface contact mechanics for ultrahigh density
magnetic recording. Wear 238, 1–11.
Komvopoulos, K., 2003. Adhesion and friction forces in microelectromechanical
systems: mechanisms, measurement, surface modiﬁcation techniques, and
adhesion theory. Journal of Adhesion Science and Technology 17, 477–517.
Komvopoulos, K., 2012. Adhesive Wear. In: Bruce, R.W. (Ed.), Handbook of
Lubrication and Tribology, Volume II: Theory and Design, second ed. CRC
Press, Boca Raton, FL.
Kral, E.R., Komvopoulos, K., 1996. Three-dimensional ﬁnite element analysis of
subsurface stress and shakedown due to repeated sliding on a layered medium.
ASME Journal of Applied Mechanics 63, 967–973.
Kulkarni, S.M., Hahn, G.T., Rubin, C.A., Bhargava, V., 1990. Elastoplastic ﬁnite
element analysis of three-dimensional, pure rolling contact at the shakedown
limit. ASME Journal of Applied Mechanics 57, 57–65.Kulkarni, S.M., Hahn, G.T., Rubin, C.A., Bhargava, V., 1991. Elasto-plastic ﬁnite
element analysis of three-dimensional pure rolling contact above the
shakedown limit. ASME Journal of Applied Mechanics 58, 347–353.
Leng, Y.S., Hu, Y.Z., Zheng, L.Q., 2000. Adhesion of smoothly ﬂat-ended wedges.
Proceedings of the Royal Society of London Series A 456, 185–204.
Maboudian, R., Ashurst, W.R., Carraro, C., 2002. Tribological challenges in
micromechanical systems. Tribology Letters 12, 95–100.
Maugis, D., 1992. Adhesion of spheres: the JKR-DMT transition using a Dugdale
model. Journal of Colloid and Interface Science 150, 243–269.
Melan, E., 1938. Der Spannungszustand eines ‘‘Hencky–Mises’schen’’ Kontinuums
bei veraenderlicher Belastung. Sitzungsberichte der Akademie der
Wissenschaften in Wien 147, 73–87.
Merwin, J.E., Johnson, K.L., 1963. An analysis of plastic deformation in rolling
contact. Proceedings of the Institution of Mechanical Engineers of London 177,
676–690.
Muller, V.M., Yushchenko, V.S., Derjaguin, B.V., 1980. On the inﬂuence of molecular
forces on the deformation of an elastic sphere and its sticking to a rigid plane.
Journal of Colloid and Interface Science 77, 91–101.
Ponter, A.R.S., Hearle, A.D., Johnson, K.L., 1985. Application of the kinematical
shakedown theorem to rolling and sliding point contacts. Journal of the
Mechanics and Physics of Solids 33, 339–362.
Tabor, D., 1977. Surface forces and surface interactions. Journal of Colloid and
Interface Science 58, 2–13.
Wu, J.-J., 2009. Adhesive contact between a cylinder and a half-space. Journal of
Physics D: Applied Physics 42, 155302-1–155302-8.
Xu, H., Komvopoulos, K., 2013. Elastic–plastic analysis of adhesive sliding contacts.
ASME Journal of Applied Mechanics. http://dx.doi.org//10.1115/1.4007788.
Yu, M., Moran, B., Keer, L.M., 1993. A direct analysis of two-dimensional elastic–
plastic rolling contact. ASME Journal of Tribology 115, 227–236.
